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Abstract 

We give new equivalent characterizations for ideals of Borel type. Also, we prove 
that the regularity of a product of ideals of Borel type is bounded by the sum of the 
1 regularities of those ideals. 
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Introduction. 



Let K be an infinite field, and let S = K[x\, . . . , x n ], n > 2 the polynomial ring over K. 
Bayer and Stillman [2] note that Borel fixed ideals I C S satisfy the following property: 



u 
< 

£ ■ (*) (/ : x?) = (I : (x u . . ., Xj D for all j = 1, . . . ,n. 

Herzog, Popescu and Vladoiu [8] define a monomial ideal I to be of Borel type if it satisfies 
(*). We mention that this concept appears also in [21 Definition 1.3] as the so called weakly 
stable ideal. Herzog, Popescu and Vladoiu proved in [S] that / is of Borel type, if and only 
^ ■ if for any monomial u & I and for any 1 < j < i < n with Xi\u, there exists an integer 

t > such that XjV,/x" G /, where Vi{u) is the exponent of Xi in u. This allows us to 
prove that the property of an ideal to be of Borel type is preserved for several operations, 
O '. like sum, intersection, product, colon, see Proposition 1.1. 

Let G(I) be the minimal set of monomial generators of I and deg(I) the highest degree 
of a monomial of G(I). Given a monomial u € S we set m(u) = max{i : Xi\u} and 
m(I) = max u( zG(i) m ( u ) ■ If Pij(I) are the graded Betti numbers of / then, the regularity 
of / is given by reg(I) = max{j — % : /%(/) 7^ 0}. S.Ahmad and I.Anwar presented in p] 
a characterization for ideals of Borel type and proved that if / C S is an ideal of Borel 
type, then reg(I) < m(I)(deg(I) — 1) + 1, see [TJ Cor 2.4]. On the other hand, we proved 
in jl] that reg(I) = min{e > deg(I) : i> e is stable }, see (H Cor 8]. We extend this result, 
showing that / is an ideal of Borel type if and only if there exists some integer e > deg(I) 
such that I> e is stable, see Theorem 1.5. 

Using the above results, we prove that the regularity of a product of ideals of Borel 
type is bounded by the sum of the regularity of each ideal which appear in that product, 
see Theorem 1.7. As a consequence, if / is an ideal of Borel type then reg(I k ) < k ■ reg(I) 
for any positive integer k, see Corollary 1.8. In the second section of our paper, we give an 
explicit description for the ideals of Borel type, see Theorem 2.1. 
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1 Remarks on Borel type ideals. 



Proposition 1.1. (1) If I, J G S are two ideals of Borel type then I + J, I D J and I ■ J 

are also ideals of Borel type. 

(2) If I G S is an ideal of Borel type and J G S is an arbitrary monomial ideal, then 
(I : J) is an ideal of Borel type. 

Proof. (1) Since a monomial of I + J is either in J, either in J it follows immediately 
that I + J is of Borel type. A similar argument holds for I D J. Now, let u G I • J be a 
monomial. It follows that u = v ■ w, where v G I and w G J are monomials. Let 1 < i < n 
such that Xi\u and let 1 < j < i. If Xj|t>, since J is of Borel type, then there exists some 
integer t\ > such that x*- 1 ■ v/x^^ G /. Otherwise, if Xj does not divide v we put ti = 0. 
Analogously, there exists some integer t 2 > such that x* 2 ■ w/x" G J. It follows that 

x*- 1+ * 2 w/x^ G / • J, therefore 7 • J is of Borel type. 

(2) Suppose J = (t> i, . . . , f m ), where t> j are monomials. Since (I : J) — r\™ =l {I : t^) and 
the intersection of Borel type ideals is still of Borel type, we can assume m — 1. Denote 
V\ := t> . Let u G (/ : f ). We have u ■ v G /. Let 1 < i < n such that Xj|w and let 1 <j < i. 
Since J is of Borel type, there exists some t > such that x*w -v/x^^ G /. In particular, 

multiplying by x\ , it follows that v ■ (x^u/x^^) G / and thus x^ujx^ G (/ : v). In 
conclusion, (/ : v) is of Borel type as required. □ 

As a consequence, we give a new proof of the following well known fact, see for instance 
[H Proposition 5.2]. 

Corollary 1.2. If I G S is an ideal of Borel type, then any associated prime P G Ass(I) 
has the form I = (xi, . . . , x r ) for some 1 < r < n. 

Proof. Any prime ideal P G Ass(I) can be written as P = (I : u) for some monomial 
u £ S. Since / is of Borel type, by Proposition 1.1 we get P of Borel type. On the other 
hand, P is a prime monomial ideal, so it is generated by variables. Combining these facts, 
we are done. □ 

Lemma 1.3. Let I G S be a monomial ideal. The following are equivalent: 

(1) I is of Borel type, 

(2) For any monomial u G / and for any integer 1 < j < m(u), there exists an integer 
t > such that xWx^, ( " )(u) G /. 

Proof. The first implication is trivial. For the converse implication, let u G / be a monomial 
and let j < i such that Xi\u. Suppose q q , where g = m(w) and 

are some nonnegative integers. By our assumption, there exists an integer t q > such that 
xfu/xq q = xfxl 1 ■ ■ -XqZi G /. Recursively, we can find some positive integers £ ? _i, . . . ,tt 
such that x ^ +t "- 1+ - +u x ^ . . . a£_-i G j. We denote t = t q + t q _ x + ■ ■ ■ + t { . It follows that, 

x)u/x? := (x^- 1+ - + V • • -x^ 1 ) ■ (x^ 1 • • - a?) G /, 
thus J is of Borel type. □ 
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We recall the following result of Eisenbud- Reeves- Totaro, see [HI Proposition 12]. 

Proposition 1.4. Let I G S be a monomial ideal and let e > deg(I) be an integer. If I> e 
is stable then reg(I) < e. 

In the following, we will give a theorem of characterization for ideals of Borel type. 

Theorem 1.5. Let I G S be a monomial ideal. The following are equivalent: 

(1) I is an ideal of Borel type. 

(2) I>reg(i) is stable. 

(3) There exists an integer e > deg(I) such that I> e is stable. 

If one of the above conditions holds, reg(I) = min{e\ e > deg(I) ,I> e is stable }. 

Proof. (1) (2) follows from [H Theorem 6]. (2) =^> (3) is obvious. In order to prove 
(3) =>- (1), we choose a monomial u E I. We denote q = m(u) and thus u = x" 1 ■ ■ -x a q q for 
some nonnegative integers with a q > 0. Let j < q be an integer. According with Lemma 
1.3, we must show that there exists some integer t > such that x* ■ u/x q q E /. 

We choose an integer t' > such that deg(x t ju) > e and therefore x*' ■ u E 7> e . Since 

J> e is stable, it follows that x* +1 • u/x q E I, x* +2 • u/x 2 q E /, . . . and finally, x* +aq u/xq q E I. 
Denoting t = t' + a q we get the required conclusion. 

The last assertion of the theorem follows immediately from Proposition 1.4 and (2). 
See also [1 Cor 8]. □ 

Lemma 1.6. Let I , J C S be two monomial ideals and let e > deg(I) and f > deg(J) be 
two integers such that i> e and J>f are stable. Then (I ■ J)> e +f is stable. 

Proof. Let u E (I ■ J)> e +f be a monomial. It follows that u = v ■ w for some monomials 
v E I and w E J. Since degiu) > e + /, we can easily choose the monomials v and w such 
that v E I> e and w E J> e . 

Now, let j < m{u) be an integer and suppose m{u) = m{y). Then Xju/x m ( u ) = 
(xjV / x m ( v )) ■ w E I ■ J, because Xjv/x m ^ v ) E I since I> e is stable. Analogously, if m{u) = 
m(w), then Xju/x m ( u ) = v ■ (xjiu/x m ( w )) E I ■ J. Therefore, (/ • J)> e +f is stable. □ 

Theorem 1.7. Let I,JcSbe two monomial ideals of Borel type. Then 

reg{I ■ J) < reg(I) + reg(J). 

Proof. Since I and J are ideals of Borel type, if we denote e := reg(I) and / = reg(J), 
by Theorem 1.5(2), or [U Theorem 6], we get that I> e and J>f are stable. Using the 
previous lemma, it follows that (/• J)> e +f is stable, therefore, using Proposition 1.3 we get 
reg(I ■ J) < e + f as required. □ 

Corollary 1.8. If I G S is an ideal of Borel type, then reg(I k ) < k ■ reg(I). 

Note that, there are other large classes of graded ideals which have this property, see 
for instance [5], but on the other hand, Sturmfels provided an example of a graded ideal 
I G S with reg(I 2 ) > 2 • reg(I) in 0. 
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2 An explicit description of Borel type ideals. 



Theorem 2.1. Let I C S be an ideal of Borel type. Then, there exists an integer 1 < q < n, 
some nonnegative integers ro, r±, . . . , r n - q , and some monomials voj G K[xi,...,x q ] for 
j G {1, . . . , r } and G K[x±, . . . , x q+i -i] for any 1 < i < n — q and j G {1, . . . , Tj} 7 such 
that the set of minimal monomial generators of I , G(I) is: 

{x± , . . . , X q q , Vqi, . . . , VQ ro , Vi\X q+1 , . . . , Vi ri X q+ i , . . . , V n -q t iX n n 9,1 , . . . , V n-q,r n ^ q Xn 

where a,j for j = l,q and for i = 1, n — q, j = 1,7$ are some positive integers. More- 
over, if ri > for some i > 1 it follows that r i+ i > 0. Also, for any 2 < i < n — q and 
1 < j < Ti there exists some 1 < k < r,_i such that i>i-i,fc|%. 

Conversely, any ideal monomial ideal I C S with G(I) satisfying the conditions above, 
is an ideal of Borel type. 

Proof. Let q := max{j\ Xj G Vl}. It follows that there exists a positive integer k such 
that x k G /. We choose a q := min{k : x k G /}. Therefore, we have x q q G G(I). Since J 
is of Borel type, it follows that there exists some positive integers a±, . . . ,a q -i such that 
x^ 3 G I for any 1 < j < q — 1. As above, we can assume ay* G for any 1 < j < q — 1. 
We denote by f i, . . . , v 0ro those monomials from G(I) which are in K[xi, . . . , x q ], but are 
not in the set {a;" 1 , . . . , x q q }, if any. 

Let 1 < i < n — g be an integer. Suppose {u G G(I) \ m(u) = q + i} = {wn, . . . , Wi n }. 
It follows that Wij = VijX^ , where % G K[x±, . . . ,Xi +q -±\ and > 0. Assume r\ = 
for some < i < ti — q — 1. Suppose r i+1 > and therefore there exists a monomial 
G if [#1, • • • , a^q+i] and a positive integer Oj+i^ such that ^+1,1 -x^ 1 ^ G G(i). Since I 
is of Borel type, it follows that there exists a positive integer t > such that Uj+i^x*^ G i. 
We can write Vi + i^x q+i = v ■ x q+i such that m(v) < k, where v is a monomial. Now, since 
v ■ x q+i G I and r g+ j = 0, it follows that v is a multiple of a minimal generator of I and 
moreover i>j+i,i is multiple of a minimal generator of /. This is a contradiction with the 
fact that Vi+i^Xg+l+i is a minimal generator of /. 

Suppose Ti > for some i > 2 and let 1 < j < r; be an integer. Since VijX^ G i and 
/ is of Borel type, it follows that VijX t q+i _ l G I for some t > 0. It follows that there exists 
w G G(i) with -u|f ijXq+^i- Obviously, we cannot have u G K [x±, . . . , x q+ i-2] because, in 
such case, it follows that u\vij and we contradict the minimality of v^x^ as a generator 
of /. Therefore, u = v i-i^x^T^ for some k < r«_i and thus thus Vi-i t k\vij- 

For the converse, we consider an ideal I with G(I) fulfilling the conditions of the theorem 
and we must show that I is of Borel type. Let u G I be a monomial. Let s < m{u) be an 

integer. If s < q we choose t :— a s and we get that x s Su / x ^(u)^ e ^- Now, we assume 
s > g + 1 and we denote j := s — q. Also, we can assume that m is a minimal generator of 
I and thus u = Vi m x q ^l for some 1 < i < n — q and 1 < m < r\. Note that m{u) = q + i 
and moreover, v q+ i{u) = ai m . By Lemma 1.3, in order to show that I is of Borel type, it is 
enough to prove that there exists some integer t > such that x q+ j-v im G I. Indeed, by our 
assumption, it follows that there exists some k < rj such that Vjk\v im . But, Vj^x^j G G(I), 
therefore, if we choose t > ajk, it follows that • v im G /, as required. □ 
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